HIGH-DIMENSIONAL REGRESSION AND NONLINEAR RANDOM MATRICES

ABSTRACT. Regression is a foundational problem in statistics and we thought we understood all of it—
until neural networks came along. In particular, the double-descent phenomenon seemingly contradicts the
classical bias-variance trade-off. In this note, we showcase some recent results on double-descent for kernel
ridge regression [HL22, Mis22], a class of flexible regression models reminiscent of neural networks. The
analysis relies crucially on a certain Gaussian equivalence principle for inner-product (Gram) matrices with
element-wise nonlinearity [LY25].
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1. RIDGE REGRESSION AND THE MYSTERY OF OVERPARAMETERIZATION

Consider the typical regression setting where one is given labelled data pairs (z;,v;)",; C R? x R, and
one would like to obtain a best predictor f” : R? — R in some sense. A typical setting is to assume the
data is drawn from some distribution Py and the output is some independently corrupted version of a true
predictor f, : R* - R, i.e.,

Yi = folx) + € where Ele;] = 0 and E[e?] = o2

€

Then, one can talk about the best predictor with respect to some loss £ : R x R — R ; that is, one would
like to minimize the statistical risk or test error

R(f; f) = E[e(f(2),9)]- (1)

For example, a popular loss is the squared loss £(y1,%2) = (y1 —y2)?. In this case, the Bayes optimal predictor
is given by the conditional expectation

h(z) = Ely|z] = arg f:g}}gR R(f; f+)-

Of course, we cannot compute the Bayes optimal with finitely many samples, and we need to restrict the
class of functions f, can be to have a shot at computing a good estimate. A convenient choice is if it is a
linear function

fo(z) = (8,,2) for some 6* € R%.
Under this hypothesis class, we can minimize the empirical risk (this is known as empirical risk minimization,

or ERM) as a proxy for the true risk, i.e., replacing the expectation in (1) to be the expectation over the
empirical measure:

n-

0" = arg min {1 Z(yi —(0,2:))* + AWH%} (2)
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for some regularizer A > 0. The point of the regularizer is to prevent overfitting—we will come to this later.
A Bayesian perspective gives a concrete interpretation: if we take ¢; ~ N(0,02), then the regularization can
be thought of as the Bayesian prior § ~ N(0, A\?). This is called the ridge regression.

Remark 1.1. In the case of ridge regression, minimizing the empirical risk is easy as 1) an analytic solution
to (2) is available in terms of matrix inversion, and 2) the problem is (strongly) convex for a first-order
optimizer is needed. For more complicated models—such as a neural network—empirical risks can be very
difficult and the algorithm that one uses can influence the statistical risk greatly. We will not address this
point in this note, but obtaining statistical lower bounds for these difficult learning problems is a very active
field; see [AAM22, AAM23] or [CWPPS24, PPAP24] for two particular perspectives.

The class of linear functions seems restrictive at first sight. Taking d = 1, what if we want to fit a
quadratic

folx) = a22® + agx +ag  for ay,ay,as € R.

One can be clever redefine the problem! We map the data z; to include the polynomials and extend the
coefficients to R? to accommodate:

2 €R—= &= (1,z;,22) and O R0 =(0,60,,03)7 € R3.

Then, we simply change our regression problem from (2) to the ones with the tilde. The problem is still
linear, just in a higher-dimensional space.

1.1. The “kernel trick”: a machine learner’s favorite. We can take the lifting procedure to an extreme.
Let the feature space (F,(-,-)¢) be a Hilbert space and define a feature map ® : R — F. Then, we can
assume that fi(z) = (6., ®(z))r and the kernel ridge regression is the same ridge regression problem but on
the feature space, that is, we want to solve the ERM problem

R4
oe i=1

¢ — arg min {;Z@i — (0. 9(x)f) + >\||9|%} . (3)

This is the so-called kernel trick and has been used by machine learners for a long time. It works in a
much broader context than regression, e.g., most famously in support vector machines for building nonlinear
classifiers. In spirit, whenever there is an inner product, one can lift it up to solve a linear problem in a
higher-dimensional feature space F, which would seem like a nonlinear problem in the original space. But
wait... where is the “kernel” in kernel trick? It turns out we need some functional analysis to explain where
this kernel came from.

Definition 1.2. Let K : R? x R? — R be a positive, symmetric kernel. Then, a reproducing kernel Hilbert
space (RKHS) with kernel K is a Hilbert space (H, (-,-)n) such that

K(z,-) €Hforall z e R? and (f,K(z,-)) = f(z) for all f € H,z € R%.
The space of regression functions on a feature space is an RKHS: define f € H to be of the form
f(z) =(0,2(x))r for some 6 € F.
Then, the inner product
(fifhm=1(0,0)F
defines an RKHS with the kernel
K(z,2") = (®(z), d(x'))E.
On the other hand, given a RKHS H, one can define the canonical feature map
®:x R O(2) €H,
and functions f € H can be thought of as functions from linear regression
f(z) =(0,®(x)) where § = K(x,-) € F=H.
More generally, it turns out that the existence of a positive symmetric kernel is sufficient to define an RKHS.

Theorem 1.3 (Moore-Aronszajn). Let K : R x RY — R be a positive symmetric kernel. Then, there exists
a unique Hilbert space H C {f : RY — R} such that K is its reproducing kernel.
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Example 1.4 (Radial basis function). The most canonical kernel choice is the radial basis kernel, which
takes the form
K(z,2) = e le=2'I?/e

for some o > 0. The associated feature map is not obvious but we know that evaluating this kernel essentially
performs an inner-product on some Hilbert space.

Example 1.5 (Inner-product kernels). Let & : R — R be some (nice enough) nonlinear function. Then,
inner-product kernels are kernels of the form

K(z,z") = h({z,2')).

While these kernels are not particularly popular in practice, we will stick to this kernel for the remainder of
the note because of the simplicity and resemblance with infinite-width neural networks. It has been argued
that neural networks share many qualitative similarities as neural networks [BMM18], particularly so in the
infinite-width limit known as the neural tangent kernel [JGH18].

Using the equivalence, we can now rewrite the ERM problem (3) using the kernel representation rather
than the feature map representation:

n

fnzmgmm{;Ej@r—ﬂa»?+Mum}. (4)

feH £
1=1
Despite the problem now looking infinite-dimensional, using some functional analysis, one can show that the
solution to the optimization problem (4) lives in the span{ K (z;,)};c}n). Letting
k(x) = (K (2i,2))icn and K = (K(z4,25))i e,
the ERM problem (4) can be rewritten and solved:

i . T )2 T _ -1
6" = arg min {;(yz aTk(x;))* + da Ka} (K +AL,) "y (5)

with the solution being
frx) = arK (o).
i=1

Note that, for the particular case of the inner product kernels, the kernel matrix K (or written as H below)
takes the form

H = (h({z,75)))i,jen)- (6)

1.2. You don’t have to pay for the extra complexity. Once we’ve obtained an estimator f " from data,
we would like to know how well it generalizes, i.e., given a new data point z, how far (on average) is the
predicted point f"(x) from the true point f.(x) + €. The error from this test is known as the test error,
compactly expressed as R( f”; f+). The featurization map now plays a huge role:
(1) if f. is linear and we choose to include polynomial features, then our estimate will have lots of
“wiggles” and perform terribly on a new test point; but
(2) if f. is a high-degree polynomial but we only try to fit linearly, then our average test error will be
high as all the polynomial features are lost.
This is standard in statistical theory known as the bias-variance trade-off. Take the squared loss, then
the risk can be separated into

R/, f.) = E[f" — £ +E[(f" — E[f"))?].

bias variance

Case (1) corresponds to having a low variance but high bias, and Case (2) the other way. Classical statistics
is all about finding the sweet spot that minimizes both or picking one over the other when necessary; one’s
model shouldn’t be too simple nor too complicated.

Neural networks—which one can regard as a fancy regressor—came and destroyed this picture. People
discovered that they can get away with making the neural network as big as they can (adding more degrees of
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FIGURE 1. [Taken from [BHMMI19]] (a) The classical U-shaped risk curve arising from the
bias-variance trade-off. (b) The double descent risk curve, which incorporates the U-shaped
risk curve (i.e., the “classical” regime) together with the observed behavior from using
high capacity function classes (i.e., the “modern” interpolating regime), separated by the
interpolation threshold. The predictors to the right of the interpolation threshold have zero
training risk.

freedom than data points), training to zero empirical error (a sign of overfitting), and enjoy unprecedentedly
good generalization error. This is known as the double-descent phenomenon [BHMM19] (cf. Figure 1) and it
has been demonstrated empirically in many other related statistical models, including kernel ridge regression.

The double-descent phenomenon for kernel ridge regression has been noticed before by physicists via a
hand-wavy central limit theorem (sometimes called the Gaussian design model) [CBP21, CLKZ21]. The
observation is the following: suppose the kernel can be diagonalized by basis (Yg 1 )ken, i-€.,

oo

Ky(z1,22) = Z pdkYa k()Y k(z2),
k=0

then, we can lift the problem to the feature space F = ¢?(R) where
f*(x) = <9*, @(:L’»F With CID(I’) = (./udkad,k(x))keN .

Now, observe that the orthogonality of the basis gives that the features are uncorrelated
E[®(z)®(x)T] =L

Moreover, without loss of generality, we can center the features so they are mean-zero. If we close our eyes
and assert a CLT), i.e., claim that

®(z) ~ N(0, diag(pa)),
then one can hope to do calculation for this model. However, asserting Gaussian features is typically
dangerous because they are certainly not independent and probably (as we will see) not sub-Gaussian.

Nonetheless, the prediction using Gaussian design is incredibly accurate and we will show that, in fact, it is
exact.

2. SPECTRUM OF LINEAR INNER-PRODUCT MATRICES

Before investigating the nonlinear counterpart, we review standard results in random matrix theory about
the spectrum of inner-product matrices. Consider the data matrix

X =(21...2,) € R where ; bR p*4 e PRY).
The protagonist of this note is the inner-product matrix

XTX = (z]z)) e R™™

i,5€([n]
and its spectrum. We use o to denote the empirical spectrum, i.e., let (\;);c[,) be the eigenvalues of some
symmetric matrix A € R™*™ then

1 n
o(4) =~ > o,
=1
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As is, the operator norm of XTX explodes and the empirical spectrum probably does not have a well-defined
limit. So, some scaling is needed. If we believe that the inner-product of independent vectors remains O(1)
as d — 00, then rescaling each entry by 1/4/n is sufficient to keep || XTX| = O(1). In summary, we consider

1
o(—XTX) — [something] asn,d — oo, d/n — ¢. (7)
n
We call ¢ the aspect ratio.

Theorem 2.1 (Marchenko-Pastur [MP67] (see also [BST10, Chapter 3]). Suppose p has zero mean and unit
variance. Then, (7) holds with probability one with the limiting distribution being the Marchenko-Pastur
(MP) law, defined by

V& =20 — )
2

pmp ¢ (dz) = Lo dx + (1 — ¢_1)+(50(dl‘) where Ay = (1 + ﬂ)Q (8)

A few words about the proof. A key tool in random matrix theory is the Stieltjes transform (sometimes
also known as the Cauchy transform). For a real-valued function F of bounded variation, the Stieltjes
transform of F' is defined as

1
SF(Z)Z/iF(d)\) z€Ct ={weC:3Jw >0}
R A—z

For us, the function F' will be the empirical CDF of the spectrum. Moreover, we know that

(1) the Stieltjes transform converges if and only if the CDF converges weakly [BST10, Theorem B.9],
and
(2) given a Stieltjes transform, there is an inversion formula to get back F [BST10, Theorem B.8§].

So, let F'™ be the empirical CDF of the spectrum of some random matrix A™, we only need to show that

I~ 1 1 1 N
an(z):E;)\iiz:Etr[(A”—an) | = s(z) forae. zeCt.

Lastly, we note that the random matrix that we will be considering is one whose diagonal is zero, and the
resulting MP law is of a slightly different form.

Theorem 2.2 ([LY25, Appendix C]). Suppose p has zero mean and unit variance. Then, with probability
one and aspect ratio @,

t
U(E(XTX —dl,)) = psmpg
where the shifted-and-scaled Marchenko-Pastur law takes the form
(V2o +a/t —1)(2Vé —z/t +1)
2msgn(t)(x + to)

psmp g (dz) = Ldz + (1= ¢) 4 0apig(dr). (9)

3. A GAUSSIAN EQUIVALENCE PRINCIPLE

The spectrum of kernel inner-product matrices was original studied by [Karl0]. The linear scaling was
initially done by Cheng and Singer [CS13], and they characterized the spectrum with the Stieltjes transform
being the solution to some cubic equation. Later, Fan and Montanari [FM19] showed that the spectrum is
actually a linear combination of (shifted) Wishart matrix and an independent GOE.

3.1. Gaussian equivalence on the sphere. Throughout, we will assume x; ~ Unif(S?~!) independently
and consider the inner product matrix

4= (nVi )

i#j€[n]
for some h : R — R (to be qualified).
Remark 3.1. The diagonal entries of A are set to zero for convenience. In this case, the diagonal is

identically h(v/d)/\/n, which can drift away to infinity or diminish to zero for certain scaling of d and n. By
enforcing the diagonal to be zero, we make sure that the spectrum stays O(1) in some sense.
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Let (Qa,r)ren denote the set of Gegenbauer polynomials or ultraspherical polynomials. For each d, Qg4
is a k-th degree polynomial and forms an orthonormal basis in the sense that

Ey y~unif(si-1) Qd,k(\/&@"vy))Qd,@(\/g@vyw = Ope-

Notably, the coefficients in front of the Gegenbauer polynomials depend on the dimension. Moreover, let

d*
Najp =+ O(dk)
k!
be the number of degree-k spherical harmonics (Y s)se[n,]- The Gegenbauer polynomials can be alternatively
defined via

Qar(VdaTz;) = L D> Via(@i)Yis(x;).

Nd’k SE€[Na, i)

For simplicity, suppose the nonlinearity h is a degree-L polynomial

L
(@) =D 1 Qan(w)
k=0

Then, the inner-product matrix H can be decomposed as

1
QVilee)) = e ¥ Vi) ,
izjelnl  \ VVakE 57

L
1
A= Z”kAk where Ak = <
k=0 \/’ﬁ

i#£j€[n]
or rewritten further

Ngx

Ap = —=5]5 — T’Hn where Sy, = (Vi s(x:))

SE[Nk,d],Z'E[TL] :

\/nNdk

We will rewrite it one more time to match the (shifted-and-scaled) Marchenko-Pastur scaling (9):

Mkf T 7N I[
Z\/mssk akln) .

Notice that the columns of S; depend only on x; and the data is assumed to be independent. By the
orthonormality of the spherical harmonics, the entries themselves are uncorrelated, i.e.,

E[Yk,s(xi)n,r(-ri)} - 6k265r~ (10)

Ay

The Gaussian equivalence asserts that replacing the asymptotic spectrum of S is the same while replacing
the (uncorrelated, non-Gaussian) entries by i.i.d. Gaussians with matching first and second moments. Take
this for granted temporarily, then for all k,
) . .. Nag
o(Ag) = MP(¢g) for some aspect ratio ¢, = lim .

n,d—oo 1N

Now, we take n,d — oo such that d°/n — k > 0 for some ¢ € N. Then, there are three regimes:

(1) for k < ¢, then ¢, = d**/k! = o(d™!) and the spectrum degenerates to zero asymptotically.
Moreover (and more crucially), they are low-rank (check dimension) in comparison to higher-order
Ap’s so they do not contribute to the global spectrum. This can be seen from the shifted MP law
having only spike component.

(2) for k = ¢, the aspect ratio ¢ = O(1) and the spectrum converges to a non-degenerate Marchenko-
Pastur law.

(3) for k > ¢, the limiting spectrum is distributed like a shifted-and-scaled MP law with aspect ratio
¢ = oo and t = 1/4/¢. Ignoring dividing by zero, we have that

psmp,g,¢ (dx) \/ 4—22),dx

and the Marchenko-Pastur degenerates into a seml—mrcle law.
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The matrix of interest is actually a sum of the Ag’s, so asymptotically we should expect

-1 L

og(A)=0¢ (Z WAk + peAp + Z Ak> — [nothing] B MP B SC asn,d — oo and dé/n =x, (11)
k=0 k=041

where H is the additive free convolution.

Theorem 3.2 ([LY25, Theorem 1 and 2]). Gaussian equivalence in the sense of (11) holds almost surely.
Moreover, the nonlinearity h can be extended to functions with sub-exponential growth.

3.2. Universality of Gaussian equivalence. It turns out the equivalence principle is universal!

Theorem 3.3 ([DLMY23]). Suppose the data has i.i.d. entries sampled from some p € P(R) that has finite
moments, i.e.,

E.[lz[P] <¢p for all p € N.
Then, the Gaussian equivalence principle holds for all nonlinearity h € L?(v) where v = N(0, 1).

We want a similar proof strategy, but the spherical assumption informed our choice of the Gegenbauer
polynomial. This is a crucial step because the orthonormality of the spherical harmonics allows us to conclude
that the feature vectors are isotropic (cf. (10)).

Since we are showing a Gaussian equivalence, perhaps a “universal” choice of polynomials is the Hermite
polynomials (Hy)ren, a collection of orthonormal polynomials in L?(RR,~) where v = N(0, 1) is the standard
Gaussian measure. In particular, for each k € N, Hy, is a degree-k polynomial.

Again, let’s start by assuming that the nonlinearity is a polynomial

L
h(z) = wHi ().
k=0

We cannot immediately proceed as the spherical case as there is no general relationship between the Hermite
polynomial and something like spherical harmonics. However, if we define the feature maps to be the
polynomials:

d
),z e R (Tay Tay -+ Tay )1<ar<--<ar<d € RNar  where Naj = (k)’

then, we claim that
1

d.k

Hy(Vda]zj) = (Rr(s), () + Op(d™17?).

This is the so-called Walsh chaos and partly justifies the use of the Hermite polynomial as \/&mImJ satisfies
a CLT. The claim is easy to see for the case of k = 2.

Example 3.4 (Degree-2 polynomial on the hypercube). Let x; N Unif({£d~'/2}9) and let h(z) = Hy(z) =
(x? —1)/+/2. Then, from straightforward computation,

2Tz 1<
HQ(\/gI;rLL'J) = < t J) —1= g Z TiqTibTjaljb — 1
a,b=1

Vd
- 3 > (@iawin) (@jajn)

a<b
1
= (@2(@i), @2(z5)) + O(d ™).
v/ Na 2
Just like before, the features are centered and isotropic (by independence and non-overlapping entries):
E[®y(z)] = 0 and E[®(x;)Pp ()] = In,, forall ke N.

So, we can proceed as before and write

L L
1 1
A= — E ,uka(\/gXTX) = g pi Ay + [error]  where Ay = | ————=(Px(z;), Pr(z;)) ,
ﬁk:l k=1 niVd,k i#j



8 HIGH-DIMENSIONAL REGRESSION AND NONLINEAR RANDOM MATRICES

Test error of KRR

in the polynomial regime
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FIGURE 2. (Taken from [Mis22, Figure 1]) A cartoon illustration of the test error of KRR
in the polynomial regime n/d® — 1, as n,d — oo, for any k,1¥ € Rsg. The test error
follows a staircase, with peaks that can occur at each k = £ € N, depending on the effective
regularization (; and effective signal-to-noise ratio SNRy at level £ (a peak occurs if ¢, and /or
SNR, are small enough).

and now we are at the form which suggests the Gaussian equivalence. A key aspect of the proof is the
show approzimate rotational invariance, i.e., showing that the size of the feature vector (which is of size
Nax = O(d*)) is of the same magnitude as that of a Gaussian.

3.3. Application: double-descent for kernel ridge regression. To conclude, we revisit kernel ridge
regression and interpret the result in light of the Gaussian equivalence principle. Recall that the solution to
the regression problem depends on the kernel inner-product matrix H (defined in (6)), i.e., we obtain the
regression coefficients and estimate

@ = (H =AD"y and () = Y alh(V(a ).

We are interested in the test error
R(f™; ) = E[(f"(x) — ful(@))?].

If we suppose that the (class of) true function is a polynomial, represented by spherical harmonics

{—1 Na, Na,k R
ful(z) = Z Z Bre,sYe,s(x) + Z Z Br,sYe,s(2),
k=0 s=1 k>0 s=1
and assume
~ 1
E[3?,] = —F?, with lim F?, — F2.
’ Nd,k ’ d—oo 7
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Then, depending on the number of samples (aspect ratio), we can quantify the contribution from different
subspaces of polynomials to the test error.

Theorem 3.5 ([Mis22, Theorem 2], see also [HL22]). Suppose that n,d — oo with d'/n = k and let
Voo = span(Yi) k<, Vo = spanYy, Vso = span(Yi)p>e respectively. Then,
(1) on Vg, the function learns perfectly and does not contribute to the test error;
(2) on Vy, classical picture re-enters for these high-order features and there are non-trivial bias and
variance contributions;
(8) on Vsg, the regressor does not learn any higher order features and contributes to a bias of Ff.

The proof actually uses the spectral result only on the subspace Vy, which asked for the resolvent of the
Gegenbauer matrix SJ.S;. The Gaussian equivalence discussed is stronger in the sense that it handles the
whole hierarchy.

Remark 3.6. Notice that this means kernel methods need d’ samples to learn features from (-degree
polynomials. This is believed not to be true for neural networks (e.g., for particular polynomials) and,
hence, neural networks are not kernel methods.
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